.:DT- D' P. &imaw
| Dept of Mathernatis

FW Ty i; &, Pﬁff_ﬂ:
Paper - 3

Absdract (rodern) ﬁ,f;g Loa

| RING
pefinition [ TPy @

Let R be a set and let two binary operations called addition (denoted by +) and

(multiplication (denoted by ) be defined over the :
Rif the following postulates are satisfied. SRS IhcsRossim it S tsiedatig
I. Laws of addition :

(i) a+beRa beR
(i) (@a+b)+c=a + (b + ¢); a, b, ¢ €R (associative law)

(iii) There exists an element 0 in Rcalled zero of the ring such thata + 0=0+a=a for

every a €R.
(iv) For each elementa in R there exists —
a+(-a)y=—a+a=0.

(vya+b=b+aa b € R (commutative law)
1. Laws of multiplication :

(i)a-beR abeR

(i) (a-b)-c=a (b ), a,
I11. Distributive laws :

() a-(b+o=a-btac
(i) (b+¢)-a=b-a+c ad
Another form of definition : From t
Abelian group with respect L0 addition.

Thus we can define a ring as follows

~ Aset Rwith two binary operations cal
if the following postulates are satisfied.

a in R called the negative of a such that

b,ceR (associative law)

b,ceR

he laws of addition it is clear that a ring is an

Jed addition

\

and multiplication is said to be anng




’ 3.3 Uniqueness of Zero Element

T'o prove that the zero element of a ring is Unigue,

Proof. If possible let the ring R has two zero elemens, : i:m;js

Then by definition of zero element we get 0
a+0=aq

a+0' =q A

for allae R, Y
But 0'eR. Soby(l), 0'4-0=0’

Also 0eR. So by (2), 04+0’'=0.

Again 0'4-0= 0-+0', (by commutative law for addition

1AW =0,
This proves that the ring has unique

).

Ze€ro element.

3.4 Uniqueness of Additive Inverse




J
b, ¢ are any three elements then

| cﬁﬂgﬂ cancellation)

right cancellation).

er ‘+’ and ‘.’ we have for every acR
oy

a)=(~a)+a=0.

,4%ﬁ+m
' by associative law for addition

| m—ﬂd
ommt tatwe law for addition.
' that b =C.

[



b we get
Taking ;‘b{ir(#:” - ={a,( — b))
__" a.bm -{ﬂ . (_b”~
# i t
Again rom E}Lw‘:&f— (—a).b. ‘
: - b f rbwe get
Taking _wf"_b)}_(_a} .
From (1) and (2), (=a) . (=b)wq 4
" . - = . b (-—C)}
(iv) a. (6=2) _: | [b.:_a . (=¢), (by distriby,
-ﬂ.b“"t_{a' C)Jl L
{." by (ii), a ( c)

Ve IF'W}.

=d.,b-a.c
- ={b4(~¢)}.a

iy a-i ::(4.(1.3) . a, {by distributiy

=b. a-f-{-—(c ¢ aj}l
(%" by (i), (~¢) s
=bh.,a-c.a. !

3.3 Uniqueness of Unity in a Ring with Unity
To prove that the unity, if it exists in a ring, is unigue.

€ IHW}

Proof. If possible let e,
(R, +, .) with unity,
If we prove e=e¢' our proposition is established
Now a.e=e.a=a for all aeR
and a.e'=¢ ,a=q for all ae R,
v A8 C'ER, ¢, emp . €' =g,

As eeR, €.¢m¢ o=
Thus ¢ =p,

. Unity in a ring is unique, if i exists,
3.9 Divisors of Zerg in o Ring
If in a ring (R, +,.) we have

ab=0 Where g, p ¢ g , d :
then we say 4 ig 4 left-divisor , Nd a0, b0

An element g ywh Zero and b jg right-divisor of un
ement a which jg 5 left-diy; ioht-divisor §
called a divigoy of zero. Visor as well as a right-divi

(Mith

¢' € R are two unity elements i |

Loy,
¢ lini

el

A . . wall U
divisor of zero as W




. (R.+,-)i3aringmm T —— \\_ﬁ
@ a.0=0.a=0, TN Wt e

2.(~0)= ~(@. b)m(_ BU 197; My, -
. (—b)=(-a .bg’ (~a). b,my 1979, l\;:.‘ilj ::’:U .
iv) @.(b—=C)=a .b—q B 1o, T '08)
'} - C. m}. (MU lm]

(V) @—¢).a=b.a-c . gq
where a, b, ce R,
@) We have a.(a+40)=4 4
m {** a+0=abyexistence law o
Also by distributive law,
a.@+0)=gq, a+ta . 0.
From these, we get
a - ﬂ+ﬂ s Oza : a
or (bﬂ +@+a .0=g, g49
y the existence of ¢  § i
By cancellation law, a . 0 =0 gty o Sictiens)
Again (0+a) .a=a .a, {: 0+a=a+40=g)
or 0.a+a.a=a. a, by distributive law
or 0.a4a.a=04a.q,
(by the existence of the identity clement)
. By cancellation law, 0.a=0.
Thus a.0=0.,a=0.
(i) a.b+a. (=b)=a . {b+(—b)}, using distributive la
=a . 0, (by the existence :
0, by 6. of the inverse element)

f zero element in 5 ring)

a . (—Db) is the inverse clement ofa.b

jie. a.(=b=-(a.b)
in a.b+(—a).b={at(-a)}.b,
E .. : using distributive law
=0.b
(by the existence of the
=0, b)’ (l)
(—a).bis the inverse element ofa.b

inverse element)

L]
LI

ie (-a).b=-@.0)
Thus we get a(—b)=—

(iii) From (i) we have
a.(-b=

(a.b)=(-9) b.

~(a . b).
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| To'p””’" that a ring R s without diyvisor of zero if and onl
- id onl) ”' the

!,ﬂ"ce”ﬂff‘l?fl laws for multiplication hold in R. (MU 1980 }
1 "85 U 'R
- )

proof. Le,t R be a ring without divisor ol zero under the oper:
gons s - e
a.b=0 # either a=0 or b=0,
i 3T a;éU,ﬂ.hz() = b=0. i
Now ¢ . (b——c‘)::u _b—a .c {by property Bliv), $ 3,73, :
q.b=a.c = 4. b—a.c=0
= a.b=-0)=0
= h—c=0, by (1)
- h=C+c=04¢C

= b=C.

Again (b—r).a:b.a-—-c.u. s 02
g i ‘AB)

If b#0,a.b=0 = a=0.







(1) Ris an Abelian group with respect Lo addition;

(2) The closure law and the associative law for multiplication are Satisfigq
: T, g
Na-beR a, beR

(i)(a-b)y-c=q-(b. cia, b celR

(3) The distributive laws w.r.t. addition and multiplication are satisfi
Da-b+c)=a-b+a.c

(ii)(b+£‘)-a=b-u+¢'-r1:a.b.c'c—;R.

] "\

ed; thyy jg

(A) Commutative Ring : Definition : A ring R is said to be commutative if
a-b=b-aya,bekR

It means that the set Kto be a commulative rin

g must satisty in addition to the threg
listed above, the commutative law for

multiplication as well.
(B) Ring with Unity : If there exists anelement 1 in R such thata -1 =1.4
then the ring R is called a ring with unity element |,

A ring which is commutative and
ring with unity,

=avVge

POSSesses an unity element is called a commygg

R L T



