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Automorphisins of a group. :

Definition. (Madras 1983; Meerut 78; Kanpur 86; B.H.U. 87

An Isomorphic mapping of a group G onto {tself is called a

swutomorphism of G.

onto _ |
Thus f: G ——> G is an automorphism of G if
: one-one

f (ab)=f(a) f () ¥ a,b € G.
Solved Examples

Ex.1. Show that the mapping |
f: I->1 such that f(x)=—x ¥ xel

 an automorphism of the additive group of integers 1.
Solution, Obviously’the mapping / is one-one Onto.
Let x,, x, be any two elements of I. Then
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with respect to CoOmposite COmposition b VDY ot
Associativity, e know that composite of arbitrary mappings
is associative, Therefore composite of automorphisms is also
‘associative,
Existence of Identity. The identity function i on G is also an
automorphism of G

. Obviously i is onc-one onto and if ¢, b € G,
then i (ab)=ab =i (@) i (b). Thus i€ A(G) and if f€ A(G), we havs
if=f=fi.

- Existence of Inverse. Let JE A(G). Since f is a one-one mapp-
“ing of G onto itself, therefore f-! exists and is alfr;: a o::e-on:
- mapping of G onto itself. We shall show htl:\at 8 tl-’;_ ﬂ;oe‘(
S, b & G. Then there exist &, :
~ &utomorphism of G. Let g,
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-1 (a)=a' « f(d')=a
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S (X +xg)= —(xl+x2)E(_xl)+("x2)=f (%1) 41 (x3).
Hence fis an automorphism of I.
Ex. 2. Show that a->a~"' is an automorphism of q group G iff G
Is abelian.  [Nagarjuna 1978; Madras 78; Meerut 82, 83, 84, 88)
Solution. Let f: G—>G be such that f(x)=x-1 y xcG.
The function f is one-one because
SX)=f(p)=>x"1=p > (x ) 1=(y") > x=y.
Also if x€G, then x'&G and we have f(x~')=(x")"'=x.
. fis onto.

Now suppose G is abelian. Let a, b be any two elements of
G. Then f(ab)=(ab)! [by def. of f)

=b"1 g-1=g-! h! [*.* G is abelian]

=/(a) f(b) [by def. of ]

.. fis an automorphism of G.

Conversely suppose that fis an automorphism of G. Let
a, beG.

We bave f (ab)=(ab)-* [by def. of /]
| =b"1 a-'=f(b) f(a) [by def. of /]

=f (ba). (" fis an automorphism]
Since /' is one-one, therefore

S (ab)=f (ba) = ab=ba = G is abelian.



‘Theorem 3. 7h, set I (G) .
: ) of al )
G Is anormal subgyoy,), of the / all inney aUtomorph g, o of @ grou

Eroup of
phic to the quotien: group G|z of Gy -'!er: “;;“:;:W'Phl'ams Isomor.
(I. A. S. 1979, 88; Delni 79. € centre of G,

+ Nagarjuna 7. :
il Gujrat 7 Dibrugarh 7. Mee;llht! ';:.n ;;l g::
Proofl. Let 4(G) denote the D.U. Amritsar 87)
' G. Then I(G) S A(G). EToup of gay) Automorphisms of

Let a, be=gG. We shall first

Prove the following two results :
e =1 . . * ¥ ;
E () far =fa ie.. the 10Aer automorphism £, , is the inverse
- function of the inner automor

A e phism f,,
. Proofof (i). f XEG, then we have
L Jafas) O=Fa S (x))=7, @yt 50

"llzif. {ﬂxﬂ_‘]
, =@ (axa) g=x,
<+ JaJa is the identity function on G.

% . e ai=( f).
- Proof of (ii). If x&G, then we have

R
s

=(ba)=! x (ba)=fs, (x).
S Ta fo=1Jeu-

f, be any two clements of I(G). Then : >
Jb D 3“}' tf (fb)._l =fafb_l =fb_l_a = I(G) since b 1 aeﬁ.

ﬂ _ _ A (f T E I(G).
O Ao

have
2 d f,€1(G). 1f x € G, then we
"i’ﬁi;‘ i (J;f L @=1fa(f (x))]

f - (x) a) (o2 . fis composition preserving]

o fUeN=x)

3 )( )
] x/ (a
where f (a)=c€0
1_f, € I(G) since ¢ € G.
@ normal subgroup
;l show tha

L
 1(G) is 2 pomomorphic imas

(fo (x)] -_;f a (b7! xb)=a- (p xb) a=(a=' b~") x (ba)

Nowwe shall prove that 7 (G) is a subgroup of A4(G). Let f.,

we shall prove that I(G) is a normal subgroup of 4(G).

of A(G) , G|Z. For ﬂ-"_i"'
t I(G) is jsomorphic t0 of’G and Z 18
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Therefore A(G) is a group with respect to composite compo.

sition.
We shall now study a special l

§ 8.. Inner Automorphisms.
type of automorphisms known as inner automorphisms., First we
shall prove a preliminary thecrem.
Theorem 1. Let a be a fixed element of a group G. Then the
mapping f, : G—G defined by fa (x)=a' xa ¥ x=G is an automor-
(Gujrat 1971)

phism of G.
Proof, The mapping /. is one-one. Let x, y be any two ele-

ments of G. Then
fa (x)=fo(y)=>a 'xa=a ' ya = x=y, by cancellation laws in

G. Therefore the mapping f, is one-one.
The mapping f, is also onto G. If y is any element of G, then

aya-'eG and we have [, (aya~')=a"! (aya~') a=y.

5 Jaisionto Gi.
Finally if x, y=G then f, (xy)=a"' (xy)a=(a~'xa) (a~'ya)

=fa(x) f2(»). Hence f, is an automorphism of G.

Inner Automorphism. Definition.

If G is a group, the mapping
Jfo : GG defined by fo(x)=a""'xa ¥ x&GC

is an automorphism of G known as inner automorphism.
(Delhi 1988; Nagarjuna 78; B.H.U. 87, 88)

Also an automorphism which is not inner is called an outer

automorphism,
Theorem 2. For an abelian group the only inner automorphism
Is the identity mapping whereas for non-abelian- groups there exist
non-trivial automorphisms. (Raj. M. Sc. 1966)
Proof. Suppose G is an abelian group and f, is an inner
automorphism of G. 1l x€G, we have
Sfo (x)=a"'xa=a"" ax [ G is abelian)
=ex=X.
Thus f. (x)=x ¥ x=G.
.. fa is the identity mapping of G.
Let now G be non-abelian. Then there exist at least two ele-
ments say a, bG such that
ba#ab = a=' ba#b = f, (b)#b.
- Hence £ is not the identity mappiog of G. Thus for noon-
abelian groups there always exist non-trivial inner automorphisms.
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, homomorphism. )
the kernel of the corresponding rem on homomorphism of

Then by the fundamental theo
X 4 G|Z=1(G).

groups we shall have o é—ﬂ(G) Saibed by

Consider the mapping
¢ (a)=/fo ¥ aEC.

Obviously ¢ is onto /(G) because fo € I(G) = a€G and this

implies a—! € G.
Now é(ﬂ'l)=f(a-1)—1=fa.

.. ¢ is onto /(G).
Now to prove that ¢ (ab)=¢ (a) ¢(b) ¥ a, b € G.

We have $(ab) =fab)-+=Fb-1a+=Jo1Sp-1 = $(@)$(5).
Now to show that Z is the kernel of ¢.
The identity function i on G is the identity of the group I(G).
Let X be the kernel of ¢. _
Then we have zEK < ¢ (2)=i < f,.1 =i & f,1 (x)=i(x)

¥ XEG < (z7) ' xz7'=x ¥ XEG < zxz-'=x ¥ x&G

< 2X=xZ ¥ X6 < z&0.
. K=2Z.

Hence lhe theorem.



