
V(1, g2.. ,qN). Lagrange defined equilibrium as a configuration in which all generalised 
OV forces vaish, i.e. = 0. Clearly, in such a situation, the system will not change its 

configuration. However, even when Q: = 0, the system may not be stable in the scnsc 

that if it is slightly disturbed from a position of equilibrium, it may not return to the 

position of equilibrium. If it does, such a configuration is called one of stable equilibrium 

- otherwise the equilibrium is unstable. 

Example: Simple Pendulumn 

The potential energy is given by V(0) = 

+mgl(1 - cos ), so that 

FO)=30 
V 

-mgl sin 6 = -mgrT 

V-0 
The "generalised force" corresponding to 4 in this case is actually the restring torque. 

Equilibrium occurs when the restoring torque is zero. There are two such positions, 0 = 0 

and 4= T. 
Let us look at the form of the Lagrangian near these two positions. 

C=ml0* - mgl(1 - cos 6) 

Near =0, cose1- so that 
2 

C=m6a mgie2 2 

so that the potential energy is V(6) = ngl0 and the çorresponding generalised force 

is -mgl4 which is of restoring nature. On the other hand, near the second position of 

equilibriun 6 = T, cos &= cos(T +60) *- cos 6 = -1+60, Iu this situation, 

C-mP+ 5mgl(60 
the corresponding force is "anti-restoring"', making the equilibrium unstable. 

For one dimensional holonomic systems, equilibrium can be either stable on uustable 
(leaving out a trivial case of neutral equilibrium where the potential energy fuuction is 
spatially flat) for which the potential energy has an extremum 

Fante 

OV 
= 0 

Oqi (1) 



for every generalised coordinate q. Let the position of equilibriurn be go. If the position 
, is onc of stable cquilibriun, the potential energy has to be minimun. This is because, the 

sy'stom being conservative, the total energy is constant. If we go away from the position of 
minimum potential energy, it leads to an increase in the potential energy anda consequent 
decrease in the kinetic energy. Thus the system returns back to the equilibrium position. 
For stable equilibrium, we, therefore, have 

- >0 (2) 

The converse would be true for an unstable equilibrium. 

Without loss of generality, let us shift the equilibrium position to the origin (q1 = q2 = 

. .,= qN =0). f the system is disturbed to a configuration {4if, we can write, 

VCa-)Vv(o,0.)+2( + g0.14+ higher o order terms 

where the partial derivatives are evaluated at the position of equilibrium and all "higher 
order terms" which involve third order or higher corrections are neglected. If the potential 
energy is measured from its mninimum value, we choose V(0,0,...) =0. Along with 

= 0 

The leading term in the change in potential energy is then 

V 
>0 

,3 

for stable equilibrium. Let us write 

(8V Vy8qda,o 
so that 

(3) 
with Vy = Vji. 
Now, the kinetic energy of a scleronomic system is, in general, a quadratic in generalisecl velocities, and can be written as 

T Túudy (4) 



4 

where the coefficients tij are, in general, functions of generalised coordinates. One can expand tij in a Taylor series about the equilibrium position 

Ti(1, 2,...) = ti,(0, 0,...)+ 

It turns out that the quantities and the higher order derivatives are negligibly 
small so that the coefficients tij s can be essentially treated as constants having the same vaues as they would have in the equilibrium position. Thus around the equilibrium position, the Lagrangian has the following structure: 

L=T-V = tyhi -Vsna,) 
The Lagrangian equations of motioon 

d OL 
= 0 

can then be written as 

d diud, + tiyiðkjl- 52V (Oa4, + q6) = 0 

+ = 0 (5) 
Changing the dummy summation index j to i in the first and the third terms of the above and using the symmetry of Vij and of tij, we get 

ai +Vaa = 0 

for each k. We seek a solution to the above equations of the form 

i= A;ewt 

which gives 

(V-ta) A, = 0 
(6) 

The equation is a homogeneous equation in A;s and the çondition for existence of the solution is 

det (Va- wtx) = 0 
which is a single algebraic equation of n- th degree in w". This equation has n roots soine of which are real and some complex (sone of the roots may be degenerate). We are 



only interested in real roots of the above equation. Wa's determined fron this equation 

are knowu as characteristic feequencies or cigenfrequencioes. 

From physical arguments it is cloar that for rcal physical situations, the roots are rcal 

and positive. This is because the existence of an imaginary part in w would mean time 

dependence of qk and je such that the total energy would not be conserved in time and 

such solutions are unacceptable. 

We cau arrive at the same conclusion mathematically as well. Multiplying (6) with A 

and summing over k we get 

2Ve-ta)AjA, = 0 

i,k 

w=Zis ViAA 
tAA 

so that 

Both the numerator and the denominator are real because Vik = Vi and tik = tki. It 

is seen that the terms are positive as well because expressing A; = a; +i6;, we have 

tax A Ar = tir (a4- ib,)(a% + ibe) 

i,k i,k 

= e(a,ak + bbe) 

where the imaginary terms cancel because of symmetry of tik. Thus we have been able 

to express iktikA;A; as a sum of two positive semi-definite terms (taa;ak = a ta is 

positive definite).

2.2 Matrix Formulationa 

Let us rewrite (6) (using symmetry properties of V and T) as 

-Atau)A, = 0 

where A = w. Let us define a column vector 

As 
Az 

A = 

AN 
The matrices V and t are given by 

Vi Vi 
Va1 Va N 

ViN 
V2N t T = 

t22 2N 

V= 
. 

Vw Vwa VNN tNN 


